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SUMMARY
The report describes a theoretical and experimental 
investigation of the stress distributions in vibrating 
cantilever blades of rectangular cross-section, pretwisted 
about their centroid axes.
The reflecting layer photo-elastic technique/Nc ho sen 
for the investigation and a method is described by which 
stress free photo-elastic models of pretwisted cantilever 
blades may be constructed with inserted reflecting layers 
at their centroid axes. The flexural and edgeways 
bending stresses are calculated from observations of 
isochromatic fringe order at the edges of the blade.
The stress distributions obtained photo-elastically 
are confirmed by electrical resistance strain gauge 
readings.
Theoretical stress distributions are calculated from 
displaced shapes obtained by the Rayliegh Ritz method 
using a finite series of the characteristic functions of 
straight beams.
There is close agreement between the theoretical and 
experimental stress distributions for the flexural modes, 
but there are some discrepancies in the distributions for 
the edgeways mode which was investigated, possibly due to 
end constraint effects.
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station increment for finite difference
calculations
width of blade
Young’s Modulus
error
Fringe stress coefficient 
Modulus of Rigidity
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torque
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displacements parallel to x, y, z axes 
principal axes
co-ordinate axes
an angle
Shear strain
direct strain
an angle
wavelength
refractive index
direct stress component
stress due to edgeways bending
stress due to flexural bending
shear stress component acting on plane i
in direction j
stress function
characteristic function
Rotation : Retardation ratio
SECTION 1
The loading on a typical turbine blade is made up 
of a static component consisting of aerodynamic and 
inertia loading, and a dynamic component from blade 
vibrations caused by flutter or other exciting forces.
The static component can be estimated fairly accurately 
but the dynamic component poses many problems due to the 
lack of knowledge of the magnitudes of the exciting 
forces and the vibratory response of the blades.
Failures are most likely to occur when the frequency of 
the exciting forces corresponds to one of the resonant 
frequencies of the blade. With a knowledge of the shape 
of the stress distribution for each mode, the one 
responsible for the failure can sometimes be identified 
when steps may be taken to alleviate the trouble.
There are two main methods of calculating the 
displaced shape of a vibrating blade from which the 
stress distribution may be calculated. The purpose of 
the present investigation is to compare calculated stress 
distributions with those determined experimentally.
If a finite difference method is used to solve the 
Euler-Bernoulli equation the approximate displacements 
of the beam may be calculated with the error dependent 
on the spacing of the stations considered. While this 
error in the displacements may be tolerable as far as an
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investigation solely into the displacements is concerned, 
the subsequent error in calculating the stresses from 
the second differential of the incorrect displacements 
would probably be large. To obtain any degree of 
accuracy at all a large number of stations would be 
required.
The Rayleigh-Ritz method, using a finite series to 
represent the displaced shape and determining 
coefficients by minimising the total potential energy of 
the system, will yield a more accurate displaced shape, 
and hence more accurate stresses.
In this investigation the blades considered are of 
constant rectangular cross-section with various pre-
/ j Vtwist angles from 0 to -rp radians along their lengths.
The stress distributions in the blades are measured 
photo-elastically using the reflecting layer technique 
and are checked by electrical resistance strain gauge 
readings. The experimental results are compared with 
the stress distributions calculated by the Rayleigh-Ritz 
method using a series of the characteristic functions of 
a straight beam.
The agreement is good for the flexural modes but 
for the edgeways mode considered there is a considerable 
discrepancy which increases with pre-twist angle.
SECTION 2
Many of the commonly used methods of experimental 
stress analysis cannot be applied to the measurement of 
stresses or strains in vibrating pretwisted cantilevers.
Obviously mechanical extensometers cannot be used
*because of their inertia and the Moire fringe technique 
is difficult to apply because of the initial pretwist in 
the blade. Transmission photo-elasticity is only 
suitable for cases concerning blades of square or almost 
square cross-section because only the stresses due to 
bending about the optical axis of the polariscope will 
cause any birefringence due to the nature of bending 
stress distributions.
The following methods were considered!
Brittle Lacquers
The technique of the method is that a thin coating 
of a varnish-like material is sprayed 011 to the surface 
under investigation. When the coating has dried it is 
brittle and will crack when the surface strain reaches a 
critical value. The value of the tensile strain is 
then estimated by comparing the number of cracks per 
inch with a calibration specimen as suggested by Forrest, 
Ellis and Stern^),
The brittle lacquer technique has been used by
Methods of Stress and Strain Measurement
stresses in turbine blades in order to estimate the order 
of loads on the root attachments.
The order of accuracy which can be obtained with 
brittle coatings is not high as the critical strain is 
very dependent on the ambient temperature and humidity..
Although this technique may be used quantitatively 
it is mainly qualitative and therefore not suitable for 
this investigation.
Electrical Resistance Strain Gauges
At first sight the easiest method of investigating 
the strain distribution would appear to be by means of 
electrical resistance strain gauges. The biggest 
source of error is inherent in the physical dimensions 
of the strain gauge itself. In order to investigate the 
complete strain pattern a three branch rosette should be 
used at a number of points, and the whole blade surface 
covered in sufficient detail to enable the maximum 
strains to be estimated. On an average size blade this 
would entail the use of extremely minute gauges such as 
the microminature rosettes produced by the Budd S. A. in 
which the whole active gauge system occupies a circle 
with a diameter of only 3 nna. With such minute gauge 
lengths the ultimate accuracy which can be obtained is 
dependent on the properties and physical thickness of 
the layer of adhesive \ised to attach the gauges, owing 
to the strain diffusion from the surface of the blade to
Durelli, Dally and Riley for investigating
the gauge. The rosette itself is spread over a finite 
area in a varying strain field, the amount of strain 
variation dictating the accuracy of the results.
The amount of work involved in analysing the large 
number of rosettes required together with their 
prohibitive cost mean that this sort of investigation is 
worth while only if information is required about one 
particular blade rather than a whole series.
For the cases considered in the present work the 
longitudinal strains only are required so single gauges 
can be used.
A null method may be used to measure the strains if 
a carrier frequency type strain gauge bridge is used.
The outpuit from such a bridge is an amplitude modulated 
sinusoidal voltage, and if this is applied to the Y 
plates of an oscilloscope with the unmodulated carrier 
voltage applied to the X plates a Lissajou’s figure 
such as those shown in Fig. 1 and Fig. 2 is displayed on 
the screen.
By varying the bridge potentiometer the picture on 
the oscilloscope can be adjusted until one of the arms 
AA is horizontal. The bridge is then balanced at one 
of the peak values, and the strain may be read from the 
potentiometer scale. It has been claimed that strains 
as low as one microstrain peak to peak may be read by 
this method providing that the blades1 vibrations can be 
maintained at constant amplitude.
An alternative method would be that used by 
('zl)Stanbridgev ' where the ratio was obtained between the
magnitude of each gauge output and the output of a master 
gauge somewhere on the blade surface by displaying the 
amplified signals from the two gauges concerned on an 
oscilloscope screen and adjusting the amplifiers until 
the trace heights were the same. This method has the 
advantage that a very crude method of excitation may be 
used, but the accuracy of measurement depends on the 
accuracy of the calibrated amplifiers used.
It was decided that a limited strain gauge analysis 
would be carried out using single gauges, measuring the 
strains by the null method described above.
Photo-Elastic Methods
In the bending of a rectangular section beam whose 
thickness is much smaller than its width the most 
important component of stress is that caused by bending 
about the longer principal axis. This causes a tensile 
stress on one side varying linearly through the thickness 
to a compressive stress of equal magnitude on the other 
side. Thus if the beam is viewed in a transmission 
polariscope there will be no net optical effect since 
the compressive stress in one half of the thickness will 
exactly cancel the effect of the tensile stress in the 
other half. Because of this, complex photo-elastic 
techniques are required for this problem, as follows;
a) The Initial Frozen Stress Technique
If an uniaxial tensile stress system is frozen in a 
sheet of birefringent material in a direction other than 
the subsequent principal directions it can be shown that 
the resultant birefringence caused by transverse bending 
is no longer zero. The bending stress distribution can 
be calculated from readings obtained from a transmission 
polariscope.
This method was suggested by Druckerw ' for photo­
elastic analysis of flat plate problems.
It would be possible to use this method for 
untwisted cantilever blades, but fabrication of pre­
twisted specimens would be difficult.
b) The Reflective Layer Technique
If a thin reflective layer of aluminium paint or 
aluminium foil is bonded between two similar sheets of 
photo-elastic material to form a composite beam 
observations may be made with a reflection polariscope 
to obtain the mean stress over one half of the beam 
thickness.
In order to analyse the results it is necessary to 
assTime that bending stresses vary linearly through the 
thickness, and hence the results obtained near to 
loading points, mounting points or local stress 
concentrations are incorrect. In the present work this 
merely means that measurements cannot be made within two 
blade thicknesses of the blade root.
The reflective layer technique was first used by 
Goodier and Lee^) in 1940 to determine stress 
distributions in flat plate problems and subsequently by 
Knorr^^ also for statically loaded flat plate problems.
It was decided to use this method to investigate the 
stress distribution in vibrating cantilever blades.
c) The Photo-elastic Coating Technique
In this technique a thin photo-elastic coating is 
bonded to a metal structure. Using a reflection 
polariscope measurements are taken of the stresses in the 
coating. By assuming that the strains in the structure 
and coating are identical, the stresses in the structure 
may be deduced. This method is very similar to the 
previous one, but obviously the results obtained would 
not be so accurate because of the extra complication of 
the method.
d) Using Laminations of Different Materials
Thus method was suggested by Favrev ' and 
developed by Lamble and Bayoumi^^. It uses a sandwich 
construction as in method b) but does not require a 
reflecting surface between the two elements of the model.
Perspex is optically insensitive compared with 
Epoxy Resins so that if a composite beam were made from 
one lamination of perspex and one lamination of the epoxy 
resin the resulting model could be tested using a 
transmission polariscope as the optical effects in the
two halves would no longer cancel out. The difficulty 
in this method is in matching both Young's Modulus and 
Poissons Ratio for the two materials involved. Method
b) was preferred because test pieces were easier to 
manufacture.
e) Polaroid Layer
This is similar to the reflective layer technique,
except that a sheet of polaroid is inserted between the
two elements instead of the reflective layer. This
sheet forms the polariser of a transmission polariscope;
thus only half of the beam is investigated and the
bending stresses may be measured. Lerchenthal and 
(11)Betserv 7 have successfully used this method of
analysing a flat plate problem and have found that a
sheet of polaroid with two quarter wave plates attached
can be produced with a thickness of only 0.008 inches. 
(1 2 )Zandmanv J pointed out that if only a half wave plate 
had been inserted, the problem could have been solved as 
in method a) simplifying the method of construction.
Apart from the difficulty of preparing a twisted 
strip of polaroid to insert in the sandwich, it would be 
impossible to determine the principal stress directions 
as the direction of the polariser is fixed.
For these reasons therefore this method is not 
suitable.
Gonelusions
The method showing the most promise for the present 
work is the reflective layer technique and so this will 
form the basis of the investigation.
A limited strain gauge analysis will be made as a 
check on the experimental accuracy.
SECTION 3
Photo-
a) The Photo-elastic Phenomena
The photo-elastic principle is well known and has 
been extensively used. It is therefore not intended to 
give a detailed explanation of the phenomena, but merely 
to define certain terms, and to discuss various 
techniques which can be applied.
The geometry of a typical plane polariscope is shown 
in Pig. 3* The beam of light from the lamp passes 
through a condensor lens to a polarising screen known as 
the "Polariser", emerging as a beam of plane polarised 
light. This passes through the model being investigated 
then through a second polarising screen whose axis is 
perpendicular to that of the polariser, known as £he 
"Analyser". An observer viewing the model through the 
analyser would see two different types of interference 
fringe in the model: the "Isoclinic" fringes are black
and correspond to points where the principal stress 
directions correspond to the axes of the polariser and 
analyser. The "Isochromatic" fringes are coloured if a 
white light source is used, and each fringe corresponds 
to a certain value of principal stress difference, the 
relationship being given by the stress-optical law
As the two fringe patterns are superimposed, the isoclinics 
obscure the isochromatics. The isoclinics may be removed 
by inserting a pair of Quarter Wave Plates in the 
polariscope, one each side of the model. The polariscope 
is then known as a circular polariscope.
b) Reflection Polariscopes
If it is not possible to obtain access to both sides
of the part of the model being investigated a reflection
polariscope is used. The light is reflected back through
the model, the fringes being observed from the illuminating
side . Such arrangements as shown in Pigs. 4, a^d 6
are known as Reflection or Doubling Polariscopes.
The simplest arrangement is shown in Pig. 4. It
consists of one polarising filter and one quarter wave
plate mounted together on a handle so that the fast axis
'XT'of the quarter wave plate is at to the plane of
polarisation. When this is placed against a coated 
surface with the polariser outermost it acts as a circular 
polariscope using available light as the light source.
If the instrument is inverted so that the quarter wave
plate is outermost it acts as a light field plane
polariscope.
Goodier and Lee^^ used a more refined version of
r • •
this (Pig. 5) tut found it difficult to obtain clear 
pictures due to glare reflected from the many surfaces
normal to the incident rays of light. A half silvered 
mirror was used so that incident and reflected rays 
could he normal to the surface under investigation, and 
thus he free of errors due to oblique incidence.
The type of polariscope used by Lale^^, L i nge^^, 
n  5")and Dixonv overcame this with the layout shown in 
Fig. 6. Normal incidence and reflection are maintained 
hut the glare is reduced by reducing the number of 
possible reflecting surfaces. The double image caused 
by the half silvered mirror is eliminated by viewing the 
transmitted light instead of reflected light.
The transmission figures for the various filters are 
as follows; polarisor 40% , quarter wave plate 60% , 
mirror 50%. The accumulative effect results in a net 
utilisation factor of about 1}£%, which neccessitates a 
very powerful light source.
This difficulty is overcome in the design marketed 
by Budd Instruments Company (Fig. 7)? hy dispensing with 
the half silvered mirror, using a small angle of 
incidence and neglecting the resulting error. The light 
utilisation is then improved to 6%.
It can be shown that with an angle of incidence of 
less than 5° hhe errors involved are less than the human 
errors involved in preparing the models or taking 
readings as follows;
Consider the case where the incident light beam is 
parallel to one principal plane and at an angle © to 
the normal to the photo-elastic layer as shown below.
The fringes observed are then due to the secondary
principal stresses perpendicular to the light beam within 
the layer.
The air/model refractive index
12 = s i n  Q/ sin <p
for small values of 9
A  -  f
and the effective thickness of the layer along the light
path = t/cos - .
The secondary principal stresses to be considered
2 0are then p and q cos -fi- .
A
Substituting these values in the stress-optical law 
of equation (1 ), the number of fringes observed is thus 
given by:
n 2t(p - q cos2 )t _ ----  A*F cos -~
/
The number of fringes observed at normal incidence
The error in observed fringe order is then:
n n, _ (.p - q cos2 |) -(p - q) Q°s %
31 (p  -  <1? c o s  J -
2(p + 1 eoa^ J) sin2gft
(p - q.) cos §
If © is small the error m a y  be written as:
n - n 1 _ ©2 p -h q
n  ~ 2 ’ P  -  ft ’
Thus the error in measured fringes order due to oblique 
incidence is dependent on the principal stress difference,
LP - 0.) hut providing this is not zero and the angle of inci­
dence © is of the order of 5°, this error is clearly negligible
The other source of error is due to the averaging of 
stresses over the light path. This will only cause 
errors in regions of non-linear stress gradients, and 
these errors are then usually small. In the case taken 
above where the angle of incidence was 5° , the stresses 
are averaged over a region whose width is 14% of the 
layer thickness.
It is therefore reasonable to neglect the errors due 
to the non-normal incidence of light in the Budd type 
reflection polariscope.
c) Pringe Order Measurement
If a model in a polariscope with a white light 
source is subjected to a steadily increasing loading the 
relative retardations caused will progressively 
extinguish the various wavelengths which made up white 
light leaving the complimentary colours. Thus the 
colour at any point passes through the whole spectrum
from purple to red. The first order fringe occurs at 
the Junction of the first spectrum red and the second 
spectrum purple. At this point there is a mauve colour 
known as the "Tint of Passage".
It is possible to assess fractional fringe orders by- 
comparing colours'with a standard spectrum, but higher 
accuracy may be obtained by using a goniometric method.
The Tardy Method of Compensation^^
This is the most common method used. A circular 
polariscope is used with the polariser and analyser axes 
parallel to the principal directions at the point being 
investigated. The analyser alone is then rotated until 
the tint of passage appears at the point. If the 
analyser has been rotated through an angle © then the 
fractional fringe order is given by —  .
/The Friedel or Senarmont Method of Compensation
This is a less well known method although, as pointed 
out by Jessop^1^  in 19 5 3 5 it is considerably less 
sensitive to errors in the quarter wave plates of the 
polariscope than the Tardy Method.
A plane polariscope is used with the polariser and 
<ftr'analyser set at to the principal directions at the
point being investigated. A quarter wave plate is 
inserted between the model and the analyser with its axes 
parallel to the polariser and analyser axes. The 
analyser is rotated until the tint of passage appears at 
the point of investigation. If the angle through which
the analyser is rotated is 0 , the fractional fringe 
order is given by ~  ,
Choice of Method
The accuracy of measurement for both methods relies 
on judging the tint of passage, and so neither method has 
an advantage over the other. As a Budd reflection 
polariscope was used for the investigation, the Tardy 
method was used because the quarter wave plates can only 
be positioned at to the polariser without modifying
the instrument.
d) The Reflective
The first published work using the reflective layer 
technique was carried out by Goodier and Lee^^ in 1941 
as an alternative to a frozen stress analysis of flat 
plate problems. The problems they tackled concerned 
long plates of a width to thickness ratio of 16 s1 , 
loaded statically in pure bending. Various notches were 
cut in the edges of the plates, and the stress 
concentrations were measured.
The models were constructed from 1/b inch thick 
strips of bakelite or celluloid with strips of aluminium 
foil sandwiched between.
The method was also used by ICnorr^^ in an 
investigation into the stresses in plates of rhombus 
shape with various edge conditions loaded by an uniformly 
distributed load. The material used for the reflective 
layer was again aluminium foil.
MOnch^®^ applied the reflective layer method to an 
analysis of thin shells subjected to a combination of 
membrane and bending stresses. A refinement in his work 
was that by using a semi transparent layer the membrane 
stresses could be detected using a conventional 
transmission polariscope and the bending stresses by a 
reflection polariscope.
Application of the Stress Optical Law
The stress optical law of direct proportionality 
between principal stress difference and relative 
retardation as generally assumed strictly holds true only 
for the propagation of light in a homogenous crystal.
Thus when the stresses vary along the light path some 
error is involved in assuming that the observations made 
represent the mean value of stress. It may be shown 
practically by simple static beam bending tests that this 
error is far less than those involved in taking the 
measurements. It was demonstrated mathematically by 
Mindlin^*^) that for the values of stress and stress- 
optical coefficients involved the error could be 
neglected for cases where the stress variation is linear 
and the principal stress directions remain constant 
through the material.
Remembering that the light passes twice through the 
layer above the reflecting surface, the stress optical 
law may be written, subject to these limitations, as:
When the principal stress directions vary through 
the thickness of the model the resultant fringe order 
observed is greater than that predicted by equation (2 ).
It was stated by Frocht^0  ^that the increase is small 
and may be neglected for most practical purposes.
Drucker and Mindlin^1  ^demonstrated that for the 
case when the principal stress difference remains 
constant while the principal directions rotate through an 
single through the thickness the resultant
retardation is given by
n = . ( 1 + 4R2 ) (3)
The quantity R is the dimensionless ratio of rotation 
to retardation per umit length and may be expressed as
dc<
E  = o Tr ( P h  <3.1
( 22 )Leev ' showed experimentally that provided R is 
less than 0®5 % in cases where the principal stress 
difference varies through the thickness it is 
sufficiently accurate to write that for the reflection 
technique the observed fringe order n is given by;
For Bending Gases
In order to analyse the results it must be assumed 
that the reflective layer is of zero thickness and is 
placed exactly on the centre line of the blade.
If it is assLtmed that simple bending theory is 
correct, the variation of bending stress through the 
thickness is linear and the variation of shear stress due 
to a shear force parallel to OX is parabolic, as shown 
in Fig o 8 .
If the state of stress at the edges of the beam is 
considered the principal directions are parallel to the 
edges of the beam, and do not vary through the thiclmess.
The secondary principal stresses at the edge of the 
beam are
Analysis of Results
9 j .  ’T* O
>
q = 0
( 5 )
As the principal directions remain constant, the 
simple proportional stress-optical relationship of 
equation (2 ), may be applied hence the number of fringes 
observed is proportional to the mean stress along the 
light path. If the reflecting layer forms the OX 
centroid axis the light beam from the polariscope will 
travel parallel to the OX axis passing through the same 
half of the beam thickness twice. Then the observed 
fringe order
28 o
. t c ^ x t + ^ b N  f 6 s
“  '  "  I j ' 5 j
If observations are made at both edges of the beam 
at the same station z , the values of and can
be calculated for that station, and hence the stresses 
may be found.
For\Torsion Cases
By applying the membrane analogy to the problem of 
torsion of a thin strip it can be seen that the 
approximate stress function is given by
<f>-  G f §  y 2 ( 7 )
and hence the stress
= 4 £  = 2 G ^ yj zx T y  ^ dz J
The principal stresses
P,a = 1 2 G || y
and their directions are at to the Oz axis.
The observed fringe order n is proportional to the 
fiiean stress along the light path, namely
n = 2
y/
r t 
2  . . F
""Tmax ^  ( S )
F
The accuiracy of the stress function is dependent on 
the thickness to width ratio of the strip as the boundary 
conditions are only satisfied on the longer sides of the 
cross section. It is reasonable to assume a linear 
distribution of stress through the thickness over most of 
the strip, though clearly this is not true at the edges.
Construction of the Layer
For the cases considered in the original work the 
reflecting layer was placed on the Neutral Axis, and thus 
had no stiffening effect on the model. For cases where 
the Neutral Axis is different to the layer axis it is 
important that there should be no stiffening effect.
The models constructed by Goodier and Lee used a 
strip of aluminium foil for the layer. There is no 
indication in their paper of the thickness of the foil 
used, but it is doubtful whether it could have been less 
than 0°002 in. for the foil to remain stable during the 
bonding process.
For bending in its own plane, the layer would 
exhibit a stiffness equivalent to a strip of araldite 
0*040 in. thick , which for a 0*2 in. thick model 
represents an increase in stiffness of about 20%. • Such 
a large increase in stiffness is clearly unacceptable.
An alternative method of producing a reflecting 
surface is to coat the mating surfaces of the model with 
aluminium paint before bonding them together. The 
static bending tests described in Section 5 show that
30.
with this method of construction the layer produces no 
measurable stiffening effect.
The layer, however it is produced, must have a 
finite thickness, and hence the reflecting surface cannot 
be at the centre line of the model.
It can be shown that it is reasonable to neglect the 
error in the observed fringe order caused by a small 
error in the position of the reflecting surface, as 
follows.
The stress-optical law applied to the reflective 
layer technique may be written as:
Suppose the error in the position of the reflecting 
surface is e , then the number of fringes observed
where the principal stress difference is
The error in observation, /\ n , is then given by
Thus an error of 0004 inches in positioning the 
reflecting surface in a 0 °2 inch thick model would 
cause an error of 2% in the calculation of and 0°04%
in the calculation of As is usually the more
important of the two moments, this source of error can he 
neglected.
SECTION 4
The general arrangement of the apparatus used in the 
tests is shown in Fig. 9 anrt Fig. 10. The blade being 
tested is clamped at its root to a heavy surface plate, 
and is excited by a moving coil vibrator. The 
continuously variable oscillator supplies a sinusoidal 
input voltage to the amplifier which drives the vibrator 
and also triggers the stroboscopic light source of the 
polariscope. The frequency divider is included in the 
circuit between the amplifier and the stroboscope to 
extend the frequency range, and the variable phase unit 
enables corrections to be made for small phase changes in 
the system due to inductance.
Vibration Excitation
An "Advance" continuously variable oscillator (A) 
supplies a sinusoidal input voltage to a "Leak" 12 watt 
power amplifier (B) which drives a "Vitavox" moving coil 
vibrator (C). This consists of a coil wound on a light 
cylindrical paper core which is suspended on two
im­perforated diaphragm springs inside a hollow permenant
magnet. One end of the core is fitted with a light
alloy cap to which the exciting probe is attached as
shown in Fig. 11. The complete vibrator assembly is
suspended on a wire from a gantry and prevented from
rotating by a radius arm, thus only negligible static 
forces can be introduced by a poorly fitted probe.
Blade Mounting
A steel block is bolted to a cast iron surface table 
weighing about three cwt. There is provision for a test 
blade to be mounted either horizontally or vertically by 
being clamped by its plaster encased root to the top or 
sides of the steel block, as shown in Fig. 12 and Fig. 13* 
By this means a good approximation to a "built in" end is 
obtained as is shown by the static bending tests 
described in Section 5°
The Polariscope
Photo-elastic measurements were made with a "Budd" 
LF/Z reflection polariscope (D), which uses the narrow 
angle oblique incidence layout shown in Fig. 7 to achieve 
a higher efficiency of light utilisation and hence a 
brighter and clearer fringe pattern. This is the most 
successful arrangement for dynamic applications where 
only a limited amount of light is available from 
stroboscopic sources.
The Budd instrument consists of a coupled polariser 
and analyser plates each of which has an attached quarter 
wave plate which can be swung into position with its fast 
and slow axis fixed at to the polarising axis of the
polariser. There is provision for the analyser to be
rotated in its mount independently of the other plates 
for carrying out a goniometric analysis of fractional 
fringe orders by the Tardy method which is described in 
Section 3« It is not possible to use the Senarmont 
method because the axis of the quarter wave plates are 
fixed relative to the axes of the polariser.
A modified Dawe type 1203 Strobosun (E) is used as 
the stroboscopic light source for the polariscope, being 
triggered from the output of the exciting amplifier. It 
was found necessary to isolate the amplifier from the 
stroboscope and also to introduce a means of correcting 
any small phase changes occuring in the electrical 
equipment. This was achieved using the circuit of Eig. 
14. The isolating transformer was also used to step up 
the triggering voltage and a change over switch was 
incorporated to enable both extremes of movement to be 
viewed. A frequency dividing circuit was added to bring 
the required flashing rate at the higher modes within the 
range of the stroboscope. This part of the circuit 
became temperamental after being in use for some time, 
and hence mode 4 could not be investigated.
Displacement Measurement
The tip amplitude of the blades was measured with a 
"Nivoc" travelling microscope (E). With this instrument 
the displacements could be measured to within - 0°002 
inches when a dial gauge was fitted. While this was
satisfactory for the modes considered, a more sensitive 
means of measurement would he desirable for higher modes.
Strain Gauge Equipment
The instrument used for the strain gauge analysis 
was a Peekel type 540 DNH (G), which employs a stabilised 
carrier frequency oscillator to supply a bridge voltage 
of five volts at 5000 c/s. The bridge amplifier is 
provided with a bandpass filter which supresses unwanted 
signals and sidebands, and hence screened connecting 
leads to the strain gauges are not essential, although 
the quality of the bridge output is improved by their 
use.
With this instrument a "null" method may be employed 
to measure constant amplitude vibrating strains. A 
block diagram of the circuit is shown in Fig. <l*f 
modulated bridge output is applied to the Y plates of 
an oscilloscope, and the carrier voltage is applied to 
the X plates. A phase shifter unit is included to 
enable compensation to be made for phase changes in the 
amplifiers of the oscilloscope.
With the phase angle correctly adjusted a Lissajou's 
figure similar to that in Fig. is obtained. By 
operating the bridge potentiometer the figure can be 
adjusted until one of the arms, say A-A, is horizontal. 
The bridge is then in balance at a peak strain, which can 
be read from the potentiometer dial.
To obtain the necessary number of strain gauge
channels two dynamic strain extension boxes were used.
One of these was a Peekel type 4 UD and the other a 
Brttel and Kjaer type 1534. With these compensation 
could be made for both resistive and capacitive out of 
balance. The number of gauge channels which could be 
used was limited by the number of extension boxes 
available.
The Strain Gauges
The strain gauges used for the investigation ¥/ere 
Hawker Siddeley type A50 (H) which are paper backed with 
a wound grid of resistance wire to which foil lead-outs 
are spot welded. The gauges are attached to the model 
blades with "Durafix" adhesive (J).
The main considerations in the choice of strain 
gauge were the width of the grid, which had to be much 
less than the thickness of the blade, and the cost, as 
forty gauges were required for the investigation.
The gauges were wired in half-bridge circuits with 
pairs of active and temperature compensating dummy gauges. 
It would have been possible to use pairs of active gauges 
in half bridge circuits thereby doubling the sensitivity 
but this would increase the number of gauges required and 
added to the complication of the wiring.
It is important that the connecting leads to the 
gauges should have the least possible effect on the 
vibration of the blades, either through exerting a 
stiffening effect or by increasing the effective mass.
For this reason "flying leads" were used, composed of 
0°007 inch diameter enamel covered copper wire, to connect 
the gauges to an adjacent terminal block, as shown in Fig. 
1 3 ? which was connected to the distribution boxes by 
screened cables.
The Torsion Machine
A small torsion machine was constructed to carry out 
the torsion tests described in Section 5? &&& shown in 
Fig. 15 and Fig. 16. It consists of a torque arm on 
which weights may be placed to apply a known torque, with 
provision for levelling the arm by a gear system between 
the torque arm and the loading shaft. The blade being 
tested is held by its root in a horizontal plane, shims 
being inserted to obtain alignment between the axis of 
the blade and the loading shaft of the machine. Thus a 
pure twist could be applied to the blade without 
inducing bending.
A stress free contoured sheet of epoxy resin such as 
Araldite can be produced by casting a flat sheet and 
forming it on a contouxred die while it is still in a 
partially polymerised state. This principle is used in 
the construction of the pretwisted blades used in this 
investigation.
Each test piece consists of two laminations of 
Araldite with a reflective layer bonded between them.
To ensure that the blades produced are straight, and 
twisted about the centroid of the cross-section a system 
of datum lines is used during the manufacturing process 
to mark the centre line of the blade.
The Contoured Die
The method of manufacturing the contoured dies on 
which the blades are formed was as follows;
A flat straight mild steel strip fourteen inches 
long of the same thickness but of greater width than the 
required blade had the longitudinal centre line lightly 
engraved on its two major faces. It was placed in a 
torsion machine and twisted until the required permanent 
rate of twist was obtained. It was then removed and 
embedded in "Polyfilia" (a low shrinkage plaster) (K). 
When the plaster had set, the mild steel strip was 
removed leaving a surface whose contours correspond to 
the face of the required blades. The line engraved on 
the steel master leaves a mark on the surface of the
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b) Preparation of Test Pieces
plaster which does not protrude from the surface. This
becomes the datum line on the die. The ragged edges of
the die are ground to profile and the whole surface is 
cellulosed to prevent absorption of the grease used 
during the forming process.
A typical die is shown in Fig. 17? together with the 
steel master blade from which it was made.
In preparation for the forming process the araldite 
sheet is cast on a horizontal casting table which 
consists of a piece of gauge plate 18 in x 6 in x 1/£ in
mounted permenantly in an oven as shown in Fig. 18.
Shims were added to the mounting points until the plate 
was level to within i 0 0 0 1 in over its whole surface.
Silicone Releasil oil MS 14 (L) was wiped sparingly 
over the plate and baked on by raising the oven 
temperature to 10 0 °0 for a while to prevent castings from 
sticking to the plate. It is found that there is no 
need to repeat this operation before each casting.
Flat rectangular section mild steel strips are 
lightly greased with Releasil 7 silicone compound (M) and 
laid on the casting table so as to enclose a rectangular 
area in which the araldite sheets are cast. Leakage was 
prevented by a sealing compound consisting of a mixture 
of Kaolin and Releasil 7«
While in use the oven temperature was maintained at 
40°0. Bags of silica gel were kept in the oven to 
maintain a dry atmosphere as Araldite hardeners tend to
be hygroscopic and any absorbed moisture leads to the 
early formation of time-edge stress effects.
The Pasting Resin Mix
The epoxy resin chosen was Araldite MY 755 with 
hardener HY 951 (N). The Araldite resins were preferred 
to the proprietry photo-elastic materials because of 
their much lower cost and this particular one was chosen 
from the range of low temperature casting resins because 
it has the lowest viscosity, making it less likely to 
entrap air bubbles when cast. The better creep 
characteristics of the more commonly used hot ciiring 
resins such as Araldite CT 200 were of no advantage for 
this application, and so cold curing resins were 
preferred for easier handling.
The mixture ratio of 5 parts MY 755 to 1 part 
HY 951 hy volume was used. The manufacturers recommend 
a ratio of 100 : 12 for normal use^^, but it was found 
that the increased quantity of hardener caused the 
mixture to set more evenly and reduced the creep rate of 
the material.
0The resin and hardener is' kept at 40 0 for about 
half an hour before mixing to drive off any moisture 
which might have been absorbed from the atmosphere and to 
reduce their viscosities to facilitate the stibsequent 
mixing of the two constituents. The volumes of resin 
and hardener, calculated from the dimensions of the open 
mould and the required sheet thickness, are poured into a
polythene measuring cylinder and stirred for five minutes. 
The mixture is allowed to stand for a period of five 
minutes to allow the escape of bubbles entrapped while 
stirring during which time the temperature increases due 
to the exothermic reaction taking place. The mixture is 
then poured into the enclosed area on the casting table.
After a period of about one hour the araldite has 
set and can be peeled off the casting table as a clear, 
very flexible sheet. This is cut into two parts of 
roughly equal size with a pair of scissors; each part is 
coated with grease and the two together are moulded over 
the suirface of the contoured plaster of paris die. As 
the araldite strips are coated in grease, atmospheric 
pressure will hold them in position until the curing 
process is complete after being left in the oven at 40°0 
overnight.
The Reflecting Layer
When the curing process is complete the upper and 
lower strips of araldite and the die are marked with a 
scriber so that they can be reassembled exactly. The 
upper strip is removed without disturbing the position of 
the lower strip of the die thus enabling the centre line 
of the blade to be scribed on the lower strip by tracing 
the datum line marked on the mould. The two Araldite 
strips are then degreased and their thickness variation 
checked; the maximum permissible variation was taken to 
be - 0 *0 0 15 inch.
The reflecting layer is formed by spraying the inner 
faces of the strips with one coat of nNu-agane,T aluminium 
cellulose base paint (P) from an aerosol. When the 
paint is thoroughly dry the strips are bonded together, 
using the casting resin as adhesive, and replaced in 
position on the die by means of the register marks to 
prevent distortion. The assembly is replaced in the 
oven to cure the adhesive.
The Finishing Process
When the adhesive is cured the scribed centre line 
can be clearly seen inside the twisted composite strip. 
Using this as datum the outline of the blade can be 
marked out. The blade is roughly cut to shape with a 
bandsaw and finished by hand filing. The mounting 
attachment is made by casting a rectangular block of 
"P'olyfilla" onto the root of the blade.
To assist the optical observations transverse lines 
are scribed on the face of the blade at one inch 
intervals from the root to the tip, A typical set of 
blades is shown in Fig. 19°
When not in use the blades are stored in the oven at 
40°C to delay the formation of time-edge stresses due to 
the absorption of water from the atmosphere.
SECTION 5
Method
The experimental work is divided into three separate 
series of tests. Firstly the experiments concerned with 
the construction of the test blades; secondly the static 
bending and torsion tests carried out to justify the 
method of construction and determine the modulus of 
elasticity and fringe stress coefficient of the material; 
thirdly the dynamic tests where each test blade is 
vibrated at various natural frequencies while 
photo-elastic or strain gauge readings are taken.
a) An investigation into the various methods
of producing the reflecting layer
In the original work on the reflective layer 
technique the reflecting surface was obtained by 
sandwiching a strip of aluminium foil between two strips 
of celluloid. Other methods of producing the reflecting 
surface were considered in order to reduce the stiffening 
effect of the layer.
1. Chemical Deposit of a Silver Surface
A paste consisting of silver chloride, powdered 
cream of tartar and powdered common salt in water was 
applied to an araldite surface and rubbed with a piece of 
blotting paper. After a suitable deposit had been 
obtained the surface was rinsed and dried. It was found 
that there was insufficient adhesion between the silver 
and the araldite for a satisfactory test piece to be 
constructed.
The araldite strip to be coated was placed inside a 
vacuum vessel containing an electrical heating element 
covered with strips of aluminium foil.
After the vacuum vessel had been exhausted current 
was passed through the heating element causing the 
aluminium to vaporise and deposit itself on all the 
surfaces inside the vessel. The thickness of the 
deposit depends on the quantity of aluminium foil used
An araldite strip which had one surface coated in 
this manner was bonded to a similar but uncoated strip 
using an araldite adhesive. The resulting test piece 
showed that a layer produced in this way adhered 
satisfactorily to the araldite and that no residual 
stresses were introduced in the manufacturing process.
The optical qualities of the reflecting surface were 
excellent.
5. Using an Opaque Cement
Araldite AU1 (L) is a hot curing adhesive with a 
silver finish which is supplied in powder form. Using 
this adhesive the bonding process produced the reflecting 
surface at the same time.
Two strips of araldite were heated to 140°C in an 
oven. While they were at this temperature, araldite AU1 
powder was sprinkled on to the surfaces to be bonded 
where it melted to form a viscous liquid. The two 
laminations were then clamped together while the adhesive 
was cured.
The resulting test piece was well bonded but the 
density of the reflecting surface varied somewhat. A 
small amount of residual stress was introduced by the 
bonding process.
A cold setting adhesive was produced by mixing some 
aluminium powder with Araldite MX 753 and. Hardener HI 951* 
A test piece constructed using this adhesive showed no
and the distance of the surface from the heating element.
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residual stress, but the density of the reflecting 
surface was unsatisfactory.
4. Using Aluminium Spirit Paint
The mating surfaces of two strips of araldite were 
coated with "Nu-agane" aluminium cellulose base paint (D). 
When this was thoroughly dry the two strips were bonded 
together with Araldite MI 755 and. Hardener MI 951* A 
stress free beam was produced with a satisfactory 
reflecting surface This method of producing the 
reflective layer was preferred to the sputtering process 
because of the simpler procedure in spite of the inferior 
x'eflecting surface obtained. All the numerical work 
carried out was concerned with blades constructed by this 
process.
*b) Static Tests
Bending tests were carried out on a flat blade 
constructed by the method described in Section IV in order 
to measure the modulus of elasticity of the material.
The blade was bent both in the plane of the layer and 
normal to the layer to demonstrate that there was no layer 
stiffening effect.
The blade was clamped at its root and increasing 
transverse forces were applied at the free end, as shown 
in Fig. 20. The displacements of the free end were 
measured by means of a travelling microscope and hence 
the modulus of elasticity was found from simple beam 
theory.
The results are shown graphically in Graph 1 where 
the tip displacement is plotted against . The results 
for bending in the plane of the layer and normal to the 
layer are virtually co-incident, demonstrating that there 
is no stiffening effect caused by the layer. While the 
small discrepancy could be due to such an effect, it could 
also be due to a small error in measurement of the cross- 
section of the blade or friction in the loading system.
A blade is clamped at its root and increasing 
transverse forces are applied at the free end as shown in 
Fig. 20. Photo-elastic observations are made along the
1. Determination of Young's Modulus
edges of the hlade at each increment of loading using the 
Tardy method of compensation to measure fractional fringe 
orders. The fringe stress coefficient is deduced by 
comparing the results with those predicted by simple beam 
theory.
For each photo-elastic observation the polariscope is 
positioned about four feet from the blade so that the 
optical axis is normal to the reflective layer at the 
point under consideration. For a pretwisted blade this 
involves moving the instrument bodily around the blade 
installation. The polariser and analyser axes are set 
parallel to the secondary principal axes at that point, 
in this case parallel to and normal to the edge of the 
blade. With the quarter wave plates in position the 
analyser is rotated until the tint of passage appears.
The isochromatic fringe order is then — r .
The static tests were carried out on two flat blades 
and on a blade with 30° pretwist over an eight inch
length. As the variation in the fringe stress
coefficient was found to be less than Yz% no other blades 
were tested in this way.
3. Torsion Tests
A blade is clamped at its root and various torques 
are applied at the free end by the lever shown in Fig. 15
and Fig. 16. A weight is placed on the end of the
loading arm and the worm gear is rotated until the loading 
arm is horizontal. The applied torque is then given by
the product of the weight and the length of the loading 
arm.
Photo-elastic observations are made at the centre 
line of the blade in a region remote from the ends.
o) The Dynamic Tests
For the dynamic tests a blade is clamped in position 
and fitted with an exciting probe. The position of the 
vibrator is adjusted so that 110 misalignment exists and 
the vibrator coil is free to move in its housing. The 
assembly is shown in Fig. 9? Fig. 12 and Fig. 13*
While the blade is stationary a travelling microscope 
is focussed on a spot marked on the free end of the blade 
to obtain the mean position. The oscillator and 
amplifier are adjusted to excite the blade at suitable 
amplitude at a natural frequency. The variable phase 
unit is set so that the stroboscope which is used as the 
light source of the polariscope is triggered at the 
maximum deflected position. By operating the change 
over switch on the variable phase unit either extreme 
position can be observed. The travelling microscope is 
used to measure the amplitude and the readings are 
checked for symmetry about the static position. Lack of 
symmetry indicates the existance of some misalignment
\f{\causing the moving coil of the ivbrator to foul its 
casing. Any such misalignment should be eliminated from 
the apparatus.
Using the polariscope the isochromatic fringe order 
at maximum deflection is measured at the edge of the 
blade at eight equally spaced stations. This is 
repeated for three or four different amplitudes at both 
extremes of movement. Graphs are plotted of fringe 
order against tip amplitude for each station from which a 
table of fringe orders for a nominal amplitude of, say, 
one inch is produced.
2o Strain Gauge Observations
Electrical resistance strain gauges are stuck on the 
surface of the blade in the positions shown in Pig. 21. 
After clamping the blade root in position and fitting the 
exciting probe, the terminal leads of the gauges are 
connected to an adjacent stationary terminal block by 
means of flying leads composed of 0*007 inch diameter 
enamel covered copper wire looped so that they offer a 
minimum of restraint to blade bending, and also do not 
come in contact with one another, A typical installation 
is shown in Pig. 13. Screened leads are used to connect 
the terminal block with the active side of the strain 
gauge apex units• Another strain gauged blade standing 
near the test blade is connected to the dummy side of the 
apex units to provide temperature compensation. As far 
as possible the eight strain gauge channels are adjusted 
both for resistive and capacitive unbalance in the static 
condition.
lo Photo-elastic Observations
As described above the blade is vibrated at a 
suitable measured amplitude and the strain gauge bridge 
output for each channel is displayed on an oscilloscope 
screen as a Lissajou figure by connecting the modulated 
bridge output to the X plates and the carrier frequency 
to the X plates. A detailed description of this is 
given in Section 4.
By turning the slide wire control of the strain 
gauge bridge the oscilloscope display can be made as 
drawn in Fig. 2. When one arm is horizontal the bridge 
is balanced at a peak strain and the bridge reading is 
noted. By further adjustment of the slide-wire control 
the bridge is balanced at the other peak value which is 
also noted.
The strain amplitudes for each gauge are measured 
for three or four blade tip amplitudes. Graphs are 
plotted of strain amplitude against tip amplitude for 
each gauge from which a table of strain amplitudes for a 
nominal tip amplitude of, say, one inch is produced.
SECTION 6
Discussion of the Results
The final results of the investigation are displayed 
in the graphs section, where theoretical and 
experimentally determined stress distributions are 
compared. The effect of pretwist on the photo- 
elastically determined stress distributions is also 
demonstrated.
Displacements
The displacements at the free end of the cantilever 
blades were measured with a travelling microscope. It 
was found.that the repeatability of the readings obtained 
was i 0*001 inches which was not really good enough for 
the investigation of vibration mode 3 where the maximum 
amplitude of vibration was only about 0°04-0 inches. The 
errors were reduced by carrying out a series of tests at 
various amplitudes, plotting graphs of the results 
against displacement and using the slopes of the lines 
obtained.
Isochromatic Fringe Order
Using the Tardy method for fractional fringe order 
measurement it was found that a repeatability of reading 
of 0*02 of a fringe could easily be achieved. At the 
maximum fringe orders reached the possible error is less 
than 2%. The additional error arising from the axis of 
the polariscope not being exactly normal to the surface 
of the blade should be negligible.
The Fringe Stress Coefficient for the Araldite MI 753 
used for making the models was found by testing a few of
pthe blades in static bending, a value of 81 lb^/in in. 
Fringe being obtained. While it has been noted by Clarke 
and Sandford^^ that the dynamic Fringe Stress 
Coefficient increases considerably for high loading rates 
the effect is probably negligible for the cases in the
a.) Accuracy of Measurements
5 4 .
Strain Gauge Readings
The null method for dynamic strain measurement was 
employed uising a Peekel strain gauge bridge. It was 
found that the sensitivity claimed by the bridge 
manufacturers could not be attained because of drifting. 
Readings were taken to the nearest 10 microstrain.
The gauge factor quoted for the strain gauges used 
was 1 *9 5? the variation from this figure being probably 
less than 1%. Apparently larger variations can occur 
due to faulty mounting; insufficient adhesion causing 
only part of the grid to be strained, or too thick a 
layer of adhesive causing low readings due to shear lag 
between the strained surface and the gauge grid.
When strain gauges are used on plastics the effective 
gauge factor is reduced due to the local stiffening caused 
by the gauge backing. The effect can be diminished by 
mounting the gauges upside down so that the wire grid is 
in direct contact with the plastic surface. This method 
could not be employed with the Hawker Siddely A 50 gauges 
used in the investigation because their construction 
included relatively thick protecting pads over the ends 
of the wire grid which would prevent the grid making 
contact with the surface of the blades.
When strain gauges are used to measure bending 
strains in thin strips the wire grids are offset a 
significant amount from the strained surface and hence
present investigation.
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the' measured strains will be larger than the actual ones. 
This effect partially compensates for the stiffening 
effect, but even so the effective gauge factor is probably 
as much as 5% different to the manufacturers value.
The centre lines of the grid were not marked on the 
strain gauges and as the ends of the grid were concealed 
their position had to be guessed. The largest error 
arising from faulty positioning of the gauges would occur 
on the edges of blades where a OOl inch error in position 
?/ould cause an error in the measured edgeways bending 
strain equal to 10% of the flexural bending strain.
The expected accuracy is therefore i 6% for 
flexural bending strains and £ 10% for edgeways bending 
strains.
b) Static Tests
The results of a test to determine Young's Modulus 
for the material from which the blades were constructed 
are shown in Graph 1. During the test transverse loads 
W were applied to the free end of a straight flat 
cantilever blade and the resulting displacements were 
measured. The graph shows a plot of tip displacement 
against ^  the fact that the points representing
edgeways and flexural bending lie virtually on the same 
line show that the inserted reflecting layer imposes a 
negligible stiffening effect on the blade and so justifies 
the method of construction. The small discrepancy could 
be caused solely by the imperfection of the encastre end.
From simple bending theory the tip displacement is 
given by:
from which the value of youngs Modulus was calculated.
agreement with the figures published by the manufacturers
The fringe stress coefficient of the material was 
found by loading the beam as before and observing the 
isochromatic fringe order at a point on the beam. By 
comparing the fringe orders obtained with the stresses 
predicted by simple bending theory the fringe stress
2The value of 430,000 lb^/in obtained is in exact
pcoefficient was found to be 81 lb^/in .in. Fringe »
The variation in the values of Young's Modulus and 
fringe stress coefficient in the two models tested was 
less than 1%.
Torsion Tests
It was found that the pretwist in the blades tested 
had no effect on the relation between the applied torque 
and the maximum shear stress. For the range of fibre 
inclinations concerned a difference of 0 °6% is predicted 
by the theory developed by Chen Chur for torsion of , 
pretwisted thin wall sections. Such a small difference 
could not be detected by the apparatus used in this 
investigation.
Graph 2 shows the experimental relationship between 
the applied torque and the maximum shear stress. The 
scatter in the experimental points can be entirely 
attributed to friction in the torsion machine. Plotted 
on the same graph is a theoretical relationship derived 
by T i m o s h e n k o f o r  torsion of a flat rectangular bar 
with a sides ratio of 4;1 using a series stress function, 
showing approximately 10% discrepancy between the 
experimental and the theoretical results. It is unlikely 
that the difference is due to bending being induced in the 
blades by the manner of applying the torque because the 
results are consistent for all blades tested. The 
difference between experiment and theory is probably due 
to the warping constraint at the "built in" end.
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°) The Dynamic Stress Distributions
Theoretical and experimentally determined stress 
distributions for various natural modes of vibration of 
cantilever blades with various amounts of pretwist are 
shown in Graphs 3-17 inclusive. The stresses plotted 
are at points on the centre line of the face and on the 
centre line of the edge of each blade, denoted on the 
graphs by CT^ and Cfl respectively, thus showing the 
separate effects of the flexural and edgeways bending 
moments.
For convenience the stresses plotted were for an 
idealised displacement of one inch, that is two inches 
amplitude of vibration.
Calculation of Theoretical Stress Distributions
Tables of characteristic functions and their
derivatives representing the normal modes of vibration of
straight beams have been calculated by Xoung and 
(2 7 )Felgarv ( . The characteristic function for a clamped- 
free beam is
where oi n and ^5 n are parameters for which numerical
values can be found from the tables, governing the
characteristic function. Tables of the second derivative
, //
of the function with respect to ^ n 9 8X0
hence the stress at any point is given by:-
These values are plotted as the theoretical lines in 
Graphs 3, 4 and 5°
Using the Rayleigh Ritz method, Dawson^2*^ has 
calculated the displaced shapes of the first three modes 
of vibration for rectangular section blades with a width 
to thickness ratio of 4:1 and pretwist angles of 30°,
60° and 90° over their lengths. He used a finite series 
of ten terms of the characteristic functions representing 
the normal modes of vibration of straight beams. From 
these results the stress distributions may be calculated 
as shown in Appendix 1. With the notation and sign 
convention shown in Fig. 8 the stresses at station m 
are:
c T ,
J m
LT f m
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2u„) 6 sin q I  nr 2 mj
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The stresses calculated in this way are drawn as the 
theoretical lines in Graphs 6-14 inclusive.
Observations were made of the isochromatic fringe 
order at the edges of the blade at both extremes of 
movement. For each station a graph was plotted of tip 
displacement against isochromatic fringe order from which 
tables of isochromatic fringe orders for each station were 
constructed for an idealised one inch tip displacement.
If the fringe order at station z = m is n^ at the 
right hand edge and n^ at the left hand edge from 
equation (6) (page 28) we have;
Calculation of Stresses from the Photo-elastic results
n p  - F
X * 4x
( 10)
Y b
Hence the flexural and edgeways bending stresses are:
c re
m
m
I  e 2 x
My b
> ( X I )
The stresses calculated from the isochromatic readings 
are shown on Graphs 6-17 inclusive.
The Stress Distributions for Mode 1
For the fundamental mode there is excellent agreement 
between the predicted and measured stress distributions,
as shown in Graphs 3? 6 , 9? 12. Graph 15 compares the 
stress distributions for various pretwist angles and shows 
that pretwist has very little effect at this mode.
The Stress Distributions for Mode 2
There is good agreement between the theoretical and 
experimental results for the flat blade and the blade with 
30° pretwist shown in Graphs 4 and 7? hut poor agreement 
for the blades with 60° and 90° pretwist shown in Graphs 
10 and 1 3 *
Referring to Graphs 10 and 13 it can be seen that 
the shapes of the predicted and experimental stress 
distributions are virtually the same and so the discrepancy 
could be partially due to the root fixing not being 
sufficiently rigid. As mode 2 is primarily an edgeways 
mode the bearing stresses in the plaster of paris root 
will be much higher than for flexural modes. It is 
possible that the end blocks of the 60° and 90° blades
could be inferior to the others as they were made from a
different batch of "Polyfilla", but this could not account 
for such a large discrepancy.
The precise form of the restraints forming the
"built in end" of the blade will have a much larger effect
on the edgeways bending stress distributions than the 
flexural distribution as distortion of the stress 
distribution will occur up to at least two beam depths 
from the built in end which is a considerable length of 
the blade.
The edgeways deflection upon which the stress 
distributions are based could therefore be subject to 
some error,
Zickel^^ has produced a general theory for bending 
of pretwisted beams based on an assumed stress 
distribution which satisfies equilibrium and the boundary 
conditions. As the fibres of the beams are inclined to 
the plane of bending the stresses in them are increased, 
but for the fibre inclinations involved in this 
investigation the effect is small.
For these reasons therefore the stress distributions 
in edgeways modes are most likely to differ in magnitude 
from the predicted values.
The Stress Distributions for Mode 3
It can be seen from Graphs 8 , 11 and 14 that there 
is close agreement between the predicted and experimental 
stress distributions, as far as the flexural bending 
stresses are concerned. The experimental edgeways 
bending stresses are consistently lower than the 
predicted values. Up to 10% of the discrepency can be 
accounted for by the finite thickness of the reflecting 
layer as far as photo-elastic results are concerned as 
shown in Section 3 (page 30), and a further 10% by 
isochromatic fringe orders not being measured exactly on 
the edge of the blade. The remainder of the discrepency 
must be due to the assumptions made in the theory not
being completely justified in this case, in particular 
the assumptions concerned with the built-in end.
The experimental results are compared in Graphs 17* 
It can be seen that the maximum stresses increase 
considerably with pretwist, but that the overall shape of 
the distribution remains virtually unchanged.
SECTION 7
It has been shown that the reflecting layer photo­
elastic technique can be successfully applied to the 
problem of stress measurement in a vibrating cantilever 
blade whose cross-section has an axis of symmetry.
A method has been developed by which stress free 
photo-elastic models of the cantilever blades can be 
constructed with any required pretwist or taper, merely 
by casting the half blades In an epoxy resin and forming 
them on a suitably contoured die while they are still in 
a partially cured condition. The reflecting surface is 
introduced by spraying one coat of aluminium point onto 
the mating surfaces before bonding them together.
It has been shown that the stress distributions for 
the lower order flexural modes of vibration of 
rectangular blades can be calculated with a fair degree 
of accuracy from the displacements calculated by the 
Rayleigh-Ritz method using a finite series of ten terms 
of the characteristic functions of straight beams. The 
discrepancy found in the edgeways mode is probably due to 
insufficient restraint being imposed by the method of 
root fixing employed.
Reasonable results were obtained from the strain 
gauge analysis in spite of the low values of strain being 
measured. Better results would be obtained from tests
a.) General Conclusions
on metallic blades because temperature drifting would be 
less and the stiffening effect virtually non existent.
The main objection to a strain gauge analysis is the cost 
of the gauges as a large number are required for adequate 
blade coverage.
Greater accuracy could be obtained by using larger 
models than those used in the present work though this 
may add to the difficulties of constructing the models. 
Further consideration is also required of the method of 
fixing the blade root, and also as to whether it is 
required to represent as near as possible a theoretical 
"built in end" or merely be representative of the 
stiffness of a typical turbine blade mounting.
Bending Modes
The method described in this report may be used 
without further development to investigate the stress 
distribution in blades with longitudinal taper.
The method may be modified by using a semi­
transparent reflecting layer so that both reflection and 
transmission photo-elastic observations may be made, by 
means of which the flexural and membrane stresses may be 
separated. This would be an advantage in an 
investigation concerned with pretwisted blades with a 
high widthsthickness ratio.
Cases including Torsion
The main difficulty in analysing the stress system 
in a blade subject to bending and torsional moments is 
that the directions of the principal stresses rotate 
through the thickness of the model. This problem was 
overcome in the work described in this report by taking 
observations as close as possible to the edges of the 
blade where the principal directions remain constant.
It is obviously very difficult to take observations 
exactly at the edge of the model, but the errors involved 
in observing the stresses a very short distance from the 
edge are far less serious in the bending cases than they 
would be in combined bending and torsion cases, because 
of the different rates of increase in the shear stress. 
This is illustrated in Pig. 22. The curve representing
b) Extension of the Present Work
the torsional stresses is based on the stress function 
given by Timoshenko for a rectangular strip
namely
t
5_».16(b. - y)t
The curve representing stress due to shear force is
the parabola predicted by simple bending theory. It can 
be seen that at a point 3% of the width from the edge of 
the blade the torsional stress has reached approximately 
half its maximum value, and also that the stress gradient 
is very steep. However, with a well constructed stress- 
free model and a large aperture telescope it may be 
possible to obtain sufficiently accurate isochromatic 
readings, at "the blade edge".
The principal stress directions on the surfaces of 
the model may be determined by using the fact that 
complete extinction of light can be obtained in a plane 
polariscope if the axis of the polariser is parallel to 
one of the principal directions at the point where the 
light enters the model and the analyser is perpendicular 
to the corresponding principal direction at the point 
where the light leaves the model. With this information 
it is possible to obtain the ratio between the torsional 
stresses and the flexural bending stresses.
It should be possible, using the reflecting layer 
technique to obtain some information about the stress 
distribution in coupled bending and twisting modes, but 
the experimental technique will need considerable 
development.
A Derivation of the Relationship between the Bending 
Stresses at a Point in a Beam and the Displacements of 
the Beam
If it is assumed that the beam shown in Pig. 8 is 
initially straight and of constant cross-section, and 
that the deformations are such that plane cross-sections 
of the beam remain plane, then clearly the strain 
distribution may be written as
£ T Z = fei x  + fc2 y
A PPE N D IX  1
0 7 Pa o'-,/ '■ ' °
(a)
x « y
J
If the material is Hookean
C5^  = E(k-^  x + k2 y) (b)
The total loads acting on the cross-section are
r AEndload Bzz = j <3^  dA « 0 ^
r  k r '  f Aand Moments J 0  ^ydA « k/E J  xydA
+ kgE ^  y2dA ^>(c)
v  = - / 0A<5Y xdA
fk p fk» - k^E / x dA -F; k^E / xydA
j ■ J  Q ^  O
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Using the Notation
y
xy
rJ  o
f Aj  o 
r AfJ o
y2 dA
x2 Ok
xy dA
>(d)
we have
1L  » + E k - I
A a J  -L» A j f  CL, ,X
Mys
EknI - EkQl 1 y 2 xy
Solving for Ek-, and EkD and substituting in (b)
(e)
•^x^y + ^ x y 3^ x +
X Ix y “xy
I  + X.,
vmJsl*.uSt ^ .wji^ «>^ acmaLraig»»>a»wuMjw
X Jto . ^  : x y 'xy
y ( £ )
Using the "Equivalent Moment" notation
x
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y +
x y
i 2
i  -  - H
x  I  x y
“ y  +
I  2
1 _
l^ - ly
/  ( s )
7
Mx  M 
Xx y
x (h)
7 0 .
Also from the assumptions concerning the deformations, the 
shear strain
Hence
Now
y. i s  £.z
xz
w 
x w z
0
f
J\T 
i *  X
i 2u
T ^Z 2
(5~"5 
E
constant^O
1 j-
B, ^ x
i 2w 
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C d )
00
( 1 )
(m)
E I.
J
(from equation (h) )
hence by substituting in (k)
El
J ?  =
and similarly it may be shown that
El 'v x
> (n)
Writing these equations in finite difference form 
referring to station z = m
El
Y  n +  Y  -  2 *V  m+1 m -1 m
x a.2
El % + l  + " m - l  "  2 u aa
x ] m
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